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MULTIPLE LUCAS DIRICHLET SERIES ASSOCIATED TO
ADDITIVE AND DIRICHLET CHARACTERS
N. K. MEHER AND S. S. ROUT
Abstract. In this article, we obtain the analytic continuation of the multiple
shifted Lucas zeta function, multiple Lucas L-function associated to Dirichlet char-
acters and additive characters. We then compute a complete list of exact singulari-
ties and residues of these functions at these poles. Further, we show the rationality
of the multiple Lucas L-functions associated with quadratic characters at negative
integer arguments.
1. Introduction
Let P and Q be real number. Then the Lucas sequence of the first kind is defined
by
Un = Un(P,Q) :=
αn − βn
α− β , for n ≥ 0 (1.1)
where α and β are the roots of the quadratic equation x2−Px+Q = 0. If we choose
P = 1 and Q = −1, then we obtain the Fibonacci sequence which is defined by the
binary recurrence
F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2, (n ≥ 2).
Let χ be a Dirichlet character (mod q) and
LU(s, χ) :=
∞∑
n=1
χ(n)
Usn
, (Re(s) > 0) (1.2)
which is an analogue of the Dirichlet L-function L(s, χ) =
∑∞
n=1 χ(n)/n
s. The func-
tion (1.2) can be analytically continued to the whole complex plane (see [11, 14, 15]).
Further, it has been proved that if the character χ is non-principal, then LU(s, χ) is
holomorphic on the real axis. The Fibonacci zeta function
ζF (s) =
∞∑
n=1
1
F sn
, (Re(s) > 1) (1.3)
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is the special case of (1.2). For the special values of Fibonacci zeta function one can
refer [3, 7, 9, 14, 15].
In 1882, Hurwitz [10], defined the “shifted” Riemann zeta function, ζ(s; x) by the
series
ζ(s; x) :=
∞∑
n=0
1
(n+ x)s
, (Re(s) > 0) (1.4)
for any x satisfying 0 < x ≤ 1. The analytic continuation for the Hurwitz zeta
function gives us the analytic continuation for the Dirichlet L-function since
L(s, χ) :=
∞∑
n=1
χ(n)
ns
= q−s
∑
a (mod q)
χ(a)ζ(s; a/q) (1.5)
where χ is the Dirichlet character (mod q).
The special values of the Riemann zeta function stimulates the study of the analytic
continuation of the multiple zeta functions defined as:
ζ(s1, . . . , sd) :=
∑
0<n1<n2···<nd
1
n1s1 · · ·ndsd . (1.6)
There are several nice identities in the literature of multi zeta values. In recent
years, several mathematicians are focusing their attention to the analytic properties
of multiple zeta function. The series (1.6) converges absolutely for Re(si) ≥ 1 where
2 ≤ i ≤ d and Re(s1) > 1 and therefore, one can consider the problem of analytic
continuation of (1.6) and this question has been studied by several authors (see for
example [1, 4, 5, 16]). Later, several generalizations of the multiple zeta functions
were introduced and their analytic properties were discussed. One of the important
generalization is the multiple series associated to Dirichlet characters which we call
as multiple Dirichlet L- functions. The multiple Dirichlet L-function is defined as
L(s1, . . . , sd, | χ1, . . . , χd) :=
∑
0<n1<n2···<nd
χ1(n1) · · ·χd(nd)
ns11 · · ·nsdd
(1.7)
where χ1, . . . , χd are Dirichlet characters of same modulus q ≥ 2. The analytic theory
of the multiple Dirichlet L-functions has been studied by Akiyama and Ishikawa ([2],
[12]).
Recently, Meher and Rout [13] studied the meromorphic continuation of the mul-
tiple Lucas zeta function,
ζU(s1, . . . , sd) :=
∑
0<n1<n2···<nd
1
Us1n1 · · ·Usdnd
, (1.8)
where (Un) is the Lucas sequence of the first kind. Here the sum s1+ · · ·+sd is called
the weight of ζU(s1, . . . , sd) and d is called its depth. In this paper, we obtain the
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meromorphic continuation of multiple shifted Lucas zeta function and also multiple
Lucas L-function associated with Dirichlet characters and additive characters.
Let χ1, . . . , χd be the Dirichlet characters of same modulus q ≥ 2 and χ0 be the
principal character. Then multiple shifted Lucas zeta function and multiple Lucas
L-function are defined respectively as
ζdU(s1, . . . , sd | r1, . . . , rd) :=
∞∑
n1=0,··· ,nd=0
1
Us1qn1+r1
· · · 1
Usdq(n1+···+nd)+(r1+···+rd)
, (1.9)
and
LdU(s1, . . . , sd | χ1, . . . , χd) :=
∑
0<n1<n2···<nd
χ1(n1)
Us1n1
· · · χd(nd)
Usdnd
, (1.10)
where q ∈ N≥2 and ni, ri ∈ N for 1 ≤ i ≤ d. For convenience, we use ζdU(s | r) and
LdU(s | χ) for ζdU(s1, . . . , sd | r1, . . . , rd) and LdU(s1, . . . , sd | χ1, . . . , χd) respectively.
Linear independence and irrationality results of the series (1.10) have been studied
in [8] when d = 1 = s1 and Un = Fn.
Further, we consider additive characters, i.e., group homomorphisms
f1, . . . , fd : Z −→ C∗
and study the multiple Lucas Dirichlet series associated to these additive characters:
LdU(s1, . . . , sd | f1, . . . , fd) :=
∑
0<n1<n2···<nd
f1(n1)
Us1n1
· · · fd(nd)
Usdnd
=
∑
0<n1<n2···<nd
f1(1)
n1
Us1n1
· · · fd(1)
nd
Usdnd
.
(1.11)
In this case, we call this multiple Lucas series as multiple Lucas additive L-function of
depth d associated to additive characters f1, . . . , fd which we simply write LdU(s | f).
A prototypical example of such type of multiple series is:
∞∑
n=1
(−1)n
F sn
,
and irrationality of such series is obtained by Andre´-Jeannin [3] when s = 1.
The organization of the paper is as follows. In Section 2, we prove that ζdU(s |
r) and LdU(s | χ) series are absolutely convergent in the domain {(s1, . . . , sd) ∈
Cd| ∑di=j Re(si) > 0, 1 ≤ j ≤ d}. We show that (1.11) is absolutely convergent
in the domain {(s1, . . . , sd) ∈ Cd|
∑d
i=j Re(si) > 0, 1 ≤ j ≤ d} with assumption
that the partial products
∏d
k=i |fk(1)| ≤ 1 for all 1 ≤ i ≤ d. In Section 3, first we
obtain the meromorphic continuation of ζdU(s | r) and LdU(s | f). Also, we estab-
lish an explicit relation between multiple shifted Lucas zeta function ζdU(s | r) and
multiple Lucas L-function LdU(s | χ). Using this relation, we prove the meromorphic
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continuation of LdU(s | χ). Section 4 is devoted to compute a complete list of poles
and residues of the series LdU(s | χ) and LdU(s | f) at these poles. Finally in Section
5, we show that the special values of the multiple Lucas zeta function associated to
Dirichlet characters at negative integer arguments are rational.
2. Preliminaries
Throughout this paper, we assume that
P > 0, Q 6= 0, D := P 2 − 4Q, and
{
Q < P − 1 if 0 < P ≤ 2
Q ≤ P − 1 if P > 2. (2.1)
For an integer d ≥ 1, we consider the open subset of Dd of Cd:
Dd := {(s1, . . . , sd) ∈ Cd|
d∑
i=j
Re(si) > 0, 1 ≤ j ≤ d}.
We need the following proposition from [13] to prove the absolute convergence of
multiple shifted Lucas zeta function ζdU(s | r) and multiple Lucas L-function LdU(s | χ).
Proposition 1 ([13]). The series ∑
0<n1<···<nd
1
Us1n1 · · ·Usdnd
is absolutely convergent in the domain Dd.
Proposition 2. The multiple shifted Lucas zeta function ζdU(s | r) is absolutely con-
vergent in Dd.
Proof. From Proposition 1, we have∑
0<n1<···<nd
∣∣∣ 1
Us1n1 · · ·Usdnd
∣∣∣ ≤ ∞∑
n1=1
∣∣∣∣ 1Us1n1
∣∣∣∣
∞∑
n2=1
∣∣∣∣ 1Us2n1+n2
∣∣∣∣ · · ·
∞∑
nd=1
∣∣∣∣ 1Usdn1+···+nd
∣∣∣∣ <∞. (2.2)
Note that
∞∑
n1=0,··· ,nd=0
∣∣∣∣∣ 1Us1qn1+r1 · · ·
1
Usdq(n1+···+nd)+(r1+···+rd)
∣∣∣∣∣
≤
∞∑
n1=0,··· ,nd=0
∣∣∣∣∣ 1Us1qn1+r1
∣∣∣∣∣ · · ·
∣∣∣∣∣ 1Usdq(n1+···+nd)+(r1+···+rd)
∣∣∣∣∣
≤
∞∑
n1=1
∣∣∣∣ 1Us1n1
∣∣∣∣
∞∑
n2=1
∣∣∣∣ 1Us2n1+n2
∣∣∣∣ · · ·
∞∑
nd=1
∣∣∣∣ 1Usdn1+···+nd
∣∣∣∣ <∞.
(2.3)
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Hence, the Proposition 2 follows from (2.2) and (2.3). 
Proposition 3. For a positive integer d ≥ 1, let χ1, . . . , χd be the Dirichlet characters
of same modulus q ≥ 2. Then the infinite sum
∑
0<n1<n2···<nd
χ1(n1)
Us1n1
· · · χd(nd)
Usdnd
is absolutely convergent in Dd.
Proof. Observe that
∑
0<n1<n2···<nd
χ1(n1)
Us1n1
· · · χd(nd)
Usdnd
=
∞∑
n1=1
χ1(n1)
Us1n1
∞∑
n2=1
χ2(n1 + n2)
Us2n1+n2
· · ·
∞∑
nd=1
χd(n1 + · · ·+ nd)
Usdn1+···+nd
.
Since |χ(n)| ≤ 1 for any natural number n, by Proposition 1, we obtain that the series
LdU(s | χ) converges absolutely in Dd. 
Proposition 4. For a positive integer d ≥ 1, let f1, . . . , fd be additive characters such
that the partial products
∏d
k=i |fk(1)| ≤ 1 for all 1 ≤ i ≤ d. Then the infinite sum∑
0<n1<n2···<nd
f1(n1)
Us1n1
· · · fd(nd)
Usdnd
converges absolutely in Dd.
Proof. Note that
∑
0<n1<n2···<nd
f1(n1)
Us1n1
· · · fd(nd)
Usdnd
=
∞∑
n1=1
f1(n1)
Us1n1
∞∑
n2=1
f2(n1 + n2)
Us2n1+n2
· · ·
∞∑
nd=1
fd(n1 + · · ·+ nd)
Usdn1+···+nd
=
∞∑
n1=1
f1(1)
n1
Us1n1
∞∑
n2=1
f2(1)
n1+n2
Us2n1+n2
· · ·
∞∑
nd=1
fd(1)
n1+···+nd
Usdn1+···+nd
=
∞∑
n1=1
∏d
k=1 fk(1)
n1
Us1n1
∞∑
n2=1
∏d
k=2 fk(1)
n2
Us2n1+n2
· · ·
∞∑
nd=1
fd(1)
nd
Usdn1+···+nd
.
Since
∏d
k=i |fk(1)| ≤ 1 for all 1 ≤ i ≤ d, by using Proposition 1, we have
∑
0<n1<n2···<nd
∣∣∣∣f1(n1)Us1n1 · · ·
fd(nd)
Usdnd
∣∣∣∣ ≤
∞∑
n1=1
∣∣∣∣ 1Us1n1
∣∣∣∣
∞∑
n2=1
∣∣∣∣ 1Us2n1+n2
∣∣∣∣ · · ·
∞∑
nd=1
∣∣∣∣ 1Usdn1+···+nd
∣∣∣∣ <∞.
This completes the proof of the Proposition 4. 
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3. Analytic continuation of multiple Lucas Dirichlet series
associated to additive and Dirichlet characters
From here onward, we use the following notations:
Re(si) = σi(1 ≤ i ≤ d), ℓQ,kj,...,kd =
{
0 if Q > 0
kj + · · ·+ kd if Q < 0.
Theorem 5. The multiple shifted Lucas zeta function ζdU(s | r) of depth d can be
meromorphically continued on all of Cd with exact list of poles on the hyper planes
sj + · · ·+ sd = −2(kj + · · ·+ kd) + (kj + · · ·+ kd) log |Q|
logα
+
(
2n
q
+ ℓQ,kj ,...,kd
)
πi
logα
for 1 ≤ j ≤ d where kj, n ∈ Z with kj ≥ 0.
Proof. Since α− β = √D and αβ = Q, for any z ∈ C, we have
Uzqn+r =
(
αqn+r − βqn+r
α− β
)z
= D−z/2
∞∑
k=0
(
z
k
)
(−1)kQ(qn+r)kα(qn+r)(z−2k). (3.1)
Since the series ζdU(s | r) is absolutely convergent, by interchanging the summation,
we have
ζdU(s | r) =D(s1+···+sd)/2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd
×Q(k1+···kd)r1 (α−(s1+···+sd+2(k1+···+kd)))r1 · · ·Qkdrd (α−(sd+2kd))rd
∞∑
n1,...,nd=0
Q(k1+···kd)(qn1)
(
α−q(s1+···+sd+2(k1+···+kd))
)n1 · · ·Qkdqnd (α−q(sd+2kd))nd
= D(s1+···+sd)/2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd
× Q
(k1+···kd)r1α−r1(s1+···+sd+2(k1+···+kd))
1−Qq(k1+···+kd)α−q(s1+···+sd+2(k1+···+kd)) · · ·
Qkdrdα−rd(sd+2kd)
(1−Qqkdα−q(sd+2kd) (3.2)
= D(s1+···+sd)/2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd
× Q
k1r1α−r1(s1+2k1)
1−Qq(k1+···+kd)α−q(s1+···+sd+2(k1+···+kd)) · · ·
Qkd(r1+···+rd)α−(r1+···+rd)(sd+2kd)
(1−Qqkdα−q(sd+2kd) .
This infinite series is a holomorphic function on Cd except for the poles derived from
the functions
gkj ,...,kd(sj, . . . , sd) :=
Qrj(kj+···+kd)α−rj(sj+···+sd+2(kj+···+kd))
1−Qq(kj+···+kd)α−q(sj+···+sd+2(kj+···+kd)) ,
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for 1 ≤ j ≤ d. Hence ζdU(s | r) meromorphically continued on Cd with poles on the
hyperplanes for 1 ≤ j ≤ d
sj+· · ·+sd = −2(kj+· · ·+kd)+(kj+· · ·+kd) log |Q|
logα
+
(
2n
q
+ ℓQ,kj,...,kd
)
πi
logα
(3.3)
where kj, n ∈ Z with kj ≥ 0 and
ℓQ,kj,...,kd =
{
0 if Q > 0
kj + · · ·+ kd if Q < 0.
In fact, these poles are simple. 
Observe that
LdU(s | χ) =
∞∑
n1=1
χ1(n1)
Us1n1
∞∑
n2=1
χ2(n1 + n2)
Us2n1+n2
· · ·
∞∑
nd=1
χd(n1 + · · ·+ nd)
Usdn1+···+nd
=
q∑
r1=1
q∑
r2=1
· · ·
q∑
rd=1
∞∑
n1=1
χ1(r1)
Us1qn1+r1
· · ·
∞∑
nd=1
χd(r1 + · · ·+ rd)
Usdq(n1+···+nd)+r1+···rd
=
q∑
r1=1
q∑
r2=1
· · ·
q∑
rd=1
χ1(r1)χ2(r1 + r2) · · ·χd(r1 + · · ·+ rd)ζdU(s | r).
(3.4)
Thus the function LdU(s | χ) is a linear combination of the ζdU(s | r). Therefore, we
have the following result.
Theorem 6. For any positive integer d ≥ 1, let χ1, . . . , χd be the Dirichlet characters
of same modulus q ≥ 2, then the multiple Lucas L-function LdU(s | χ) of depth d can
be meromorphically continued on all of Cd with possible poles on the hyper planes
given by (3.3).
Now, we discuss the analytic continuation of the multiple Lucas function associated
with additive characters LdU(s | f).
Theorem 7. For any positive integer d ≥ 1, let f1, . . . , fd be the additive characters
with
∏d
k=i |fk(1)| ≤ 1 for all 1 ≤ i ≤ d, then the multiple additive Lucas L-function
LdU(s | f) of depth d can be continued to a meromorphic function on all of Cd with
possible poles on the hyper planes
sj + · · ·+ sd = −2(kj + · · ·+ kd) + log(fj(1) · · ·fd(1))
logα
+ (kj + · · ·+ kd) log |Q|
logα
+
(
2n+ ℓQ,kj ,...,kd
) πi
logα
(3.5)
for 1 ≤ j ≤ d where kj, n ∈ Z with kj ≥ 0.
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Proof. From (3.1), for any z ∈ C, we have
f(1)nUzn = D
−z/2
∞∑
k=0
(
z
k
)
(−1)kf(1)nQnkαn(z−2k).
Since, this series LdU(s | f) is absolutely converges for a fixed point (s1, . . . , sd) in Dd,
Therefore, by interchanging the summation, we have
LdU(s | f) = D(s1+···+sd)/2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd (3.6)
∞∑
n1,...,nd=1
(f1(1) · · · fd(1))n1Q(k1+···kd)n1
(
α−(s1+···+sd+2(k1+···+kd))
)n1
× · · · × (fd(1))ndQkdnd
(
α−(sd+2kd)
)nd
.
Note that for any (k1, . . . , kd) ∈ Zd≥0, we have
∞∑
n1,...,nd=1
(
f1(1) · · ·fd(1)Q(k1+···kd)
αs1+···+sd+2(k1+···+kd)
)n1
· · ·
(
fd(1)Q
kd
αsd+2kd
)nd
=
f1(1) · · ·fd(1)Qk1+···+kdα−(s1+···+sd+2(k1+···+kd))
(1− f1(1) · · ·fd(1)Qk1+···+kdα−(s1+···+sd+2(k1+···+kd))) · · ·
fd(1)Q
kdα−(sd+2kd)
(1− fd(1)Qkdα−(sd+2kd)
=
f1(1) · · ·fd(1)Qk1+···+kd
αs1+···+sd+2(k1+···+kd) − f1(1) · · ·fd(1)Qk1+···+kd · · ·
fd(1)Q
kd
αsd+2kd − fd(d)Qkd .
(3.7)
Using (3.7) in (3.6), we obtain
LdU(s | f) = D
s1+···+sd
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd
f1(1) · · ·fd(1)Qk1+···+kd
αs1+···+sd+2(k1+···+kd) − f1(1) · · ·fd(1)Qk1+···+kd · · ·
fd(1)Q
kd
αsd+2kd − fd(1)Qkd .
(3.8)
The infinite series in (3.8) is a holomorphic function on Cd except the poles derived
from the functions
hkj ,...,kd(sj , . . . , sd) :=
fj(1) · · ·fd(1)Qkj+···+kd
αsj+···+sd+2(kj+···+kd) − fj(1) · · ·fd(1)Qkj+···+kd .

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4. Poles and residues of multiple Lucas Dirichlet series associated
to additive and Dirichlet characters
For 1 ≤ j ≤ d, we define
sd(j) := sj + · · ·+ sd, kd(j) := kj + · · ·+ kd, k′d(j) := k′j + · · ·+ k′d
rd(j) := rj + · · ·+ rd, gdj :=
d∏
k=j
fk, and ζq = e
2πi
q
with assumption that sd(d+ 1) = 0, kd(d+ 1) = 0, g
d
d = fd and k
′
d(d+ 1) = 0.
4.1. Residues of LdU(s | χ). The residue of the multiple Lucas L-function LdU(s | χ)
along these hyperplanes (3.3) is defined to be the restriction of the meromorphic
function(
sd(j) + 2kd(j)− kd(j) log |Q|
logα
−
(
2n
q
+ ℓQ,kj,...,kd
)
πi
logα
)
LdU(s | χ)
to the hyperplanes (3.3).
Theorem 8. For a non-negative integer k′d, let ad := −2k′d+k′d log |Q|logα +
(
2n
q
+ ℓQ,k′
d
(d)
)
pii
logα
and set ζd−1U (s | r) = 1 for d = 1. Then,
Res
sd=ad
LdU(s | χ) =
q∑
r1=1
χ1(r1)
q∑
r2=1
χ2(r2(1)) · · ·
q∑
rd=1
χd(rd(1))
× ζd−1U (s1, · · · , sd−1 | r1, · · · , rd−1)D
ad
2
(−ad
k′d
)
(−1)k′d
q logα
ζ−nrd(1)q .
Proof. The case d = 1 was done by Kamano [11]. Now for d > 1, when sd = ad, we
have
(sd + 2k
′
d) logα = k
′
d log |Q|+
(
2n
q
+ ℓQ,k′
d
)
πi
and this implies that α(sd+2k
′
d
) = Qk
′
dζnq . Therefore, α
−(rd(1))(sd+2k
′
d
)−Q−(rd(1))k′dζ−(rd(1))nq
is an analytic function with simple zeros at ad. Thus
Res
sd=ad
1
1−Qqkdα−q(sd+2kd) = limsd→ad
sd − ad
1−Qqkdα−q(sd+2kd)
=
1
d
dsd
(1−Qqkdα−q(sd+2kd))
∣∣∣∣∣
sd=ad
=
1
q logα
.
(4.1)
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Hence, the residue of ζdU(s | r) along the hyperplane sd = ad is
lim
sd→ad
(sd − ad)D
sd(1)
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd×
× Q
k1r1α−r1(s1+2k1)
1−Qqkd(1)α−q(sd(1)+2kd(1)) × · · · ×
Qkdrd(1)α−rd(1)(sd+2kd)
(1−Qqkdα−q(sd+2kd))
= D
sd−1(1)
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd−1
kd−1
)
(−1)kd−1
× Q
k1r1α−r1(s1+2k1)
1−Qqkd(1)α−q(sd(1)+2kd(1))
∣∣∣∣∣
sd=ad
× · · · × Q
kd−1rd−1(1)α−rd−1(1)(sd−1+2kd−1)
(1−Qqkd(d−1)α−q(sd(d−1)+2kd(d−1))
∣∣∣∣∣
sd=ad
× lim
sd→ad
D
ad
2 (−1)kd
(−sd
kd
)
(sd − ad)Qkdrd(1)α−rd(1)(sd+2kd)
(1−Qqkdα−q(sd+2kd) .
Note that after evaluation of limit, the terms containing only kd but not k1, . . . , kd−1
survives when kd = k
′
d and rest of the terms vanish. Hence, the above estimation
becomes
Res
sd=ad
ζdU(s | r) = D
ad
2 D
sd−1(1)
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd−1=0
(−sd−1
kd−1
)
(−1)kd−1
× Q
k1r1α−r1(s1+2k1)
1−Qqkd−1(1)α−q(sd−1(1)+2kd−1(1)) × · · · ×
Qkd−1rd−1(1)α−rd−1(1)(sd−1+2kd−1)
(1−Qqkd−1(d−1)α−q(sd−1(d−1)+2kd−1(d−1))
× 1
q logα
(−ad
k′d
)
(−1)k′dζ−nrd(1)q
= ζd−1U (s1, · · · , sd−1 | r1, · · · , rd−1)D
ad
2
(−ad
k′d
)
(−1)k′d ζ
−nrd(1)
q
q logα
.
Therefore,
Res
sd=ad
LdU(s | χ) =
q∑
r1=1
χ1(r1)
q∑
r2=1
χ2(r2(1)) · · ·
q∑
rd=1
χd(rd(1)) Res
sd=ad
ζdU(s | r)
=
q∑
r1=1
χ1(r1)
q∑
r2=1
χ2(r2(1)) · · ·
q∑
rd=1
χd(rd(1))ζ
−nrd(1)
q
× ζd−1U (s1, · · · , sd−1 | r1, · · · , rd−1)D
ad
2
(−ad
k′d
)
(−1)k′d
q logα
.
(4.2)

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For n ∈ Z, we define the Gauss sum τ(χ, n) by the formula
τ(χ, n) =
∑
x (mod q)
χ(x)ζnxq .
For fixed (r1, · · · , rd−1) ∈ Zd−1>0 , we have
q∑
rd=1
χd(rd(1))ζ
−nrd(1)
q =
q∑
rd=1
χd(−1)χd(−nrd(1))ζ−nrd(1)q = χd(−1)τ(χd, n) (4.3)
as χd is periodic modulo q. We state the following lemma related to Gauss sum from
[6, Proposition 2.1.40].
Lemma 4.2. For d = gcd(a, q), if we assume that χ can not be defined modulo q/d,
then τ(χ, a) = 0.
It is known that the Dirichlet L-function L(s, χ) defined in (1.5) is holomorphic on
the whole complex plane when χ is non-principal. Furthermore, the function L(s, χ)
has trivial zeros at non-positive integers. For the function LdU(s | χ), we have the
following result.
Corollary 4.3. Let χd be non-principal character modulo q. Then the function LdU(s |
χ) is holomorphic on the real axis of sd.
Proof. By Theorem 6, the series LdU(s | χ) is holomorphic except the singular-
ities given by (3.3). If sd(d) is a real number then, from (3.3), we must have(
2n/q + ℓQ,kd(d)
)
= 0. Since 2n/q + ℓQ,k′
d
(d) ∈ Z, we have q | n or (q/2) | n according
as q is odd or even and this implies gcd(q, n) = q or q/2. Thus q/ gcd(q, n) = 1 or 2.
Since χd is non-principal, the character χd cannot be defined for mod 1 or 2. Using
Lemma 4.2, we conclude that τ(χd, n) = 0. Hence, our claim follows. 
Finally, we compute the residues of LdU(s | χ) along the other hyperplanes (3.3) for
1 ≤ j ≤ d− 1.
Theorem 9. Let d ≥ 2 be a positive integer and j be a positive integer with 1 ≤ j ≤
d− 1. Let k′j, . . . , k′d be non-negative integers with
ad(j) := −2k′d(j) + k′d(j)
log |Q|
logα
+
(
2n
q
+ ℓQ,k′
d
(j)
)
πi
logα
.
Then
Res
sd(j)=ad(j)
LdU(s | χ) = D
ad(j)
2 ζj−1U (s | χ)
∑
kj≥0,...,kd≥0
kd(j)=k
′
d
(j)
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd
×
q∑
r1=1
χ1(r1(1)) · · ·
q∑
rd=1
χd(rd(1))
MULTIPLE LUCAS DIRICHLET SERIES 12
× Q
kd(j+1)rj+1α−rj+1(sd(j+1)+2kd(j+1))
1−Qqkd(j+1)α−q(sd(j+1)+2kd(j+1)) · · ·
Qkdrdα−rd(sd+2kd)
(1−Qqkdα−q(sd+2kd)
ζ
−nrj(1)
q
q logα
.
Proof. Note that when sd(j) = ad(j), we have
(sd(j) + 2k
′
d(j)) logα = k
′
d(j) log |Q|+
(
2n
q
+ ℓQ,k′
d
(j)
)
πi
and this implies that αsd(j)+2k
′
d
(j) = Qk
′
d
(j)ζnq . Therefore, for 1 ≤ ℓ ≤ j, we obtain
α−rℓ(sd(j)+2k
′
d
(j)) = Q−rℓk
′
d
(j)ζ−nrℓq , α
−rj(1)(sd(j)+2k′d(j)) = Q−rj(1)k
′
d
(j)ζ−nrj(1)q
α−q(sd(j)+2k
′
d
(j)) = Q−qk
′
d
(j).
(4.4)
Further, we observe that αq((sd(j)+2k
′
d
(j)) − Qqk′d(j) is an analytic function with simple
zeros at ad(j) when 1 ≤ j < d. By proceeding as in the proof of Theorem 8, we have
Res
sd(j)=ad(j)
1
1−Qqkd(j)α−q(sd(j)+2kd(j)) = limsd(j)→ad(j)
(sd(j)− ad(j))
1−Qqkd(j)α−q(sd(j)+2kd(j)) =
1
q logα
.
Now consider the following limit:
lim
sd(j)→ad(j)
D
sd(j)
2
∞∑
kj ,...,kd=0
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd
Qkd(j)rjα−rj(sd(j)+2kd(j)) (sd(j)− ad(j))
1−Qqkd(j)α−q(sd(j)+2kd(j)) · · ·
Qkdrdα−rd(sd+2kd)
(1−Qqkdα−q(sd+2kd) .
(4.5)
Note that after the calculation of the limit, only those terms containing kj, . . . , kd will
survive when kd(j) = k
′
d(j) and rest of the terms will vanish. Therefore (4.5) becomes
D
ad(j)
2
∑
kj≥0,...,kd≥0
kd(j)=k
′
d
(j)
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd×
ζ
−nrj
q Qkd(j+1)rj+1α−rj+1(sd(j+1)+2kd(j+1))
1−Qqkd(j+1)α−q(sd(j+1)+2kd(j+1)) · · ·
Qkdrdα−rd(sd+2kd)
(1−Qqkdα−q(sd+2kd)
1
q logα
.
Hence, the residue of ζdU(s | r) along the hyperplane sd(j) = ad(j) is
Res
sd(j)=ad(j)
ζdU(s | r) = lim
sd(j)→ad(j)
(sd(j)− ad(j)) ζdU(s | r)
= D
sd(j)
2 D
sj−1(1)
2
∞∑
k1,...,kj−1=0
(−s1
k1
)
(−1)k1 · · ·
(−sj−1
kj−1
)
(−1)kj−1×
∞∑
kj ,...,kd=0
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd Q
kd(1)r1α−r1(sd(1)+2kd(1))
1−Qqkd(1)α−q(sd(1)+2kd(1))
∣∣∣∣
sd(j)=ad(j)
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× · · · × Q
kd(j−1)rj−1α−rj−1(sd(j−1)+2kd(j−1))
1−Qqkd(j−1)α−q(sd(j−1)+2kd(j−1))
∣∣∣∣
sd(j)=ad(j)
× lim
sd(j)→ad(j)
Qkd(j)rjα−rj(sd(j)+2kd(j)) (sd(j)− ad(j))
1−Qqkd(j)α−q(sd(j)+2kd(j)) · · ·
Qkdrdα−rd(sd+2kd)
(1−Qqkdα−q(sd+2kd)
=D
ad(j)
2 ζj−1U (s1, . . . , sj−1; r1, . . . , rj−1)
∑
kj≥0,...,kd≥0
kd(j)=k
′
d
(j)
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd
× Q
kd(j+1)rj+1α−rj+1(sd(j+1)+2kd(j+1))
1−Qqkd(j+1)α−q(sd(j+1)+2kd(j+1)) · · ·
Qkdrdα−rd(sd+2kd)
(1−Qqkdα−q(sd+2kd)
ζ
−nrj(1)
q
q logα
.
Hence, the Theorem 9 follows from (3.4). 
4.4. Residues of LdU(s | f). The residue of the multiple additive Lucas L-function
LdU(s | f) along these hyperplanes (3.5) is defined to be the restriction of the mero-
morphic function(
sd(j) + 2kd(j)−
log gdj (1)
logα
− kd(j) log |Q|
logα
− (2n+ ℓQ,kj ,...,kd) πilogα
)
LdU(s | f)
to the hyperplanes (3.5).
Theorem 10. For a non-negative integer k′d, let bd := −2k′d + log fd(1)logα + k′d log |Q|logα +(
2n+ ℓQ,k′
d
)
pii
logα
. Then for d > 1,
Res
sd=bd
LdU(s | f) = Ld−1U (s | f)D
bd
2
(−bd
k′d
)
(−1)k′d 1
logα
.
Proof. Note that
Res
sd=bd
1
αsd+2k
′
d −Qk′dfd(1)
= lim
sd→bd
sd − bd
αsd+2k
′
d −Qk′dfd(1)
=
1
d
dsd
(
αsd+2k
′
d −Qk′dfd(1))
∣∣∣∣∣
sd=bd
=
1
Qk
′
dfd(1) logα
.
Hence, the residue of LdU(s | f) along the hyperplane bd(d) is
lim
sd→bd(d)
(sd − bd)D
sd(1)
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd
kd
)
(−1)kd
× g
d
1(1)Q
kd(1)
αsd(1)+2kd(1) − gd1(1)Qkd(1)
· · · fd(1)Q
kd
αsd+2kd − fd(1)Qkd
= D
sd−1(1)
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd=0
(−sd−1
kd−1
)
(−1)kd−1 × g
d
1(1)Q
kd(1)
αsd(1)+2kd(1) − gd1(1)Qkd(1)
∣∣∣∣∣
sd=bd
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× g
d
2(1)Q
kd(2)
αsd(2)+2kd(2) − gd2(1)Qkd(2)
∣∣∣∣∣
sd=bd
· · · lim
sd→bd
D
bd
2 (−1)kd
(−sd
kd
)
fd(1)Q
kd(sd − bd)
αsd+2kd − fd(1)Qkd .
Now,
Res
sd=bd
LdU(s | f) = D
bd
2 D
sd−1(1)
2
∞∑
k1=0
(−s1
k1
)
(−1)k1 · · ·
∞∑
kd−1=0
(−sd−1
kd−1
)
(−1)kd−1×
gd−11 (1)Q
kd−1(1)
αsd−1(1)+2kd−1(1) − gd−11 (1)Qkd−1(1)
· · · 1
logα
(−bd
k′d
)
(−1)k′d
= Ld−1U (s | f)D
bd
2
(−bd
k′d
)
(−1)k′d 1
logα
.

Finally, we compute the residues along the other hyperplanes (3.5) for 1 ≤ j ≤ d−1.
Theorem 11. For a positive integer d ≥ 2 and for a positive integer j with 1 ≤ j ≤
d− 1, let k′j, . . . , k′d be non-negative integers. Let
bd(j) := −2k′d(j) +
log gdj (1)
logα
+ k′d(j)
log |Q|
logα
+
(
2n+ ℓQ,k′j,...,k′d
) πi
logα
.
Then
Res
sd(j)=bd(j)
LdU(s | f) = D
bd(j)
2 Lj−1U (s | f)
∑
kj≥0,...,kd≥0
kd(j)=kd(j)
′
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
× (−1)kd g
d
j+1(1)Q
kd(j+1)
αsd(j+1)+2kd(j+1) −Qkd(j+1) · · ·
fd(1)Q
kd
αsd+2kd −Qkd
1
logα
.
Proof. By proceeding as in the proof of Theorem 8, we have
lim
sd(j)→bd(j)
gdj (1)Q
kd(j) (sd(j)− bd(j))
αsd(j)+2kd(j) − gdj (1)Qkd(j)
= gdj (1)Q
kd(j) Res
sd(j)−bd(j)
1
αsd(j)+2kd(j) − gdj (1)Qkd(j)
=
1
logα
.
Note that
lim
sd(j)→bd(j)
D
sd(j)
2
∞∑
kj ,...,kd=0
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd
(sd(j)− bd(j)) gdj (1)Qkd(j)
αsd(j)+2kd(j) − gdj (1)Qkd(j)
· · · fd(1)Q
kd(d)
αsd(d)+2kd(d) − fd(1)Qkd(d) .
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= D
bd(j)
2
∑
kj≥0,...,kd≥0
kd(j)=k
′
d
(j)
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd
× g
d
j+1(1)Q
kd(j+1)
αsd(j+1)+2kd(j+1) − gdj+1(1)Qkd(j+1)
· · · fd(1)Q
kd
αsd+2kd − fd(1)Qkd
1
logα
.
Hence, the residue of LdU(s | f) along the hyperplane sd(j) = bd(j) is
Res
sd(j)=bd(j)
LdU(s | f) = lim
sd(j)→bd(j)
(sd(j)− bd(j))LdU(s | f)
= D
sd(j)
2 D
s1+···+sj−1
2
∞∑
k1,...,kj−1=0
(−s1
k1
)
(−1)k1 · · ·
(−sj−1
kj−1
)
(−1)kj−1×
∞∑
kj ,...,kd=0
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd g
d
1(1)Q
kd(1)
αsd(1)+2kd(1) − gd1(1)Qkd(1)
∣∣∣∣
sd(j)=bd(j)
· · ·
gdj−1(1)Q
kd(j−1)
αsd(j−1)+2kd(j−1) − gdj−1(1)Qkd(j−1)
∣∣∣∣
sd(j)=bd(j)
lim
sd(j)→bd(j)
(sd(j)− bd(j)) gdj (1)Qkd(j)
αsd(j)+2kd(j) − gdj (1)Qkd(j)
· · · fd(1)Q
kd
αsd+2kd − fd(1)Qkd
=D
sd(j)
2 D
s1+···+sj−1
2
∞∑
k1,...,kj−1=0
(−s1
k1
)
(−1)k1 · · ·
(−sj−1
kj−1
)
(−1)kj−1×
gj−11 (1)Q
kj−1(1)
αsj−1(1)+2kj−1(1) − gj−11 (1)Qkj−1(1)
· · · g
j−1
j−1(1)Q
kj−1(j−1)
αsj−1(j−1)+2kj−1(j−1) − gj−1j−1(1)Qkj−1(j−1)
∞∑
kj ,...,kd=0
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd lim
sd(j)→bd(j)
(sd(j)− bd(j)) gdj (1)Qkd(j)
αsd(j)+2kd(j) − gdj (1)Qkd(j)
· · · fd(1)Q
kd(d)
αsd(d)+2kd(d) − fd(1)Qkd(d)
=D
bd(j)
2 Lj−1U (s | f)
∑
kj≥0,...,kd≥0
kd(j)=k
′
d
(j)
(−sj
kj
)
(−1)kj · · ·
(−sd
kd
)
(−1)kd×
gdj+1(1)Q
kd(j+1)
αsd(j+1)+2kd(j+1) − gdj+1(1)Qkd(j+1)
· · · fd(1)Q
kd
αsd+2kd − fd(1)Qkd
1
logα
.

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5. Special values at negative integers
In this section, the special values of LdU(s | χ) at negative integer arguments are
discussed. First, we give a sufficient condition for LdU(s | χ) to be holomorphic at
(s1, . . . , sd) = (−m1, . . . ,−md) where m1, . . . , md ∈ N. Further, we denote
md(j) = mj +mj+1 + · · ·+md, for j = 1, 2, . . . , d.
Lemma 5.1 (See Lemma 5, [11]). Let P and Q be rational numbers and
√
D is an
irrational number. Then log |Q|/ logα is rational if and only if Q = ±1.
Proposition 12. Let (m1, . . . , md) ∈ Nd and χ be a Dirichlet character of modulus
q, where q is a positive integer.
(1) For P ∈ Q and Q = 1, the function LdU(s | χ) is holomorphic at (s1, . . . , sd) =
(−m1, . . . ,−md) if and only if
md(1) 6≡ 0 (mod 2), md(2) 6≡ 0 (mod 2), · · · , md 6≡ 0 (mod 2).
(2) For P ∈ Q and Q = −1, the function LdU(s | χ) is holomorphic at (s1, . . . , sd) =
(−m1, . . . ,−md) if and only if
qmd(1) 6≡ 0 (mod 4), qmd(2) 6≡ 0 (mod 4), · · · , qmd 6≡ 0 (mod 4).
(3) For P,Q ∈ Q with Q 6= ±1, and √D is an irrational number, the function
LdU(s | χ) is holomorphic at (s1, . . . , sd) = (−m1, . . . ,−md) for all (m1, . . . , md) ∈
Nd.
Proof. Let Q = 1. Then the infinite series (3.2) is holomorphic except the poles
derived from (
αq(sd(1)+2kd(1)) − 1)× · · · × (αq(sd(d)+2kd(d)) − 1) = 0. (5.1)
Note that (5.1) is true if and only if one of the following equation holds
sd(1) = −2kd(1), sd(2) = −2kd(2), · · · , sd(d) = −2kd(d)
for (k1, . . . , kd) ∈ Nd. Therefore the claim of (1) follows.
Similarly, when Q = −1, the infinite series (3.2) is holomorphic except the poles
derived from(
αq(sd(1)+2kd(1)) − (−1)qkd(1))× · · · × (αq(sd(d)+2kd(d)) − (−1)qkd(d)) = 0. (5.2)
Again (5.2) is true if and only if one of the following equation holds
qsd(1) = −2qkd(1), qsd(2) = −2qkd(2), · · · , qsd(d) = −2qkd(d)
with qkd(1) ≡ 0 (mod 2), qkd(2) ≡ 0 (mod 2), . . . , qkd(d) ≡ 0 (mod 2). So the state-
ment (2) holds.
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Note that (s1, . . . , sd) = (−m1, . . . ,−md) is not a pole for all (m1, . . . , md) ∈ Nd,
when Q 6= ±1, and √D is an irrational number, due to Lemma 5.1. Thus, the
statement (3) holds. 
Now onwards, we define the following notations to write our expression in simpler
form. For 1 ≤ j ≤ d, let
γj(kj , . . . , kd; rj) := (−1)kj Q
rj(kd(j))α−rj(−md(j)+2kd(j))
1−Qq(kd(j))α−q(−md(j)+2kd(j)) . (5.3)
Now, by replacing kj by mj − kj in (5.3), we have the following.
γj(kj, . . . , kd; rj) := (−1)mj−kj Q
rj((mj−kj+kd(j+1))α−rj(−md(j)+2(mj−kj+kd(j+1))
1−Qq((mj−kj+kd(j+1))α−q(−md(j)+2(mj−kj+kd(j+1)) .
(5.4)
Further, we denote
σ0(k1, . . . kd) = γ1(k1, . . . , kd; r1)× γ2(k2, . . . , kd; r2)× · · · × γd(kd; rd)
σq(k1, . . . , ki1, . . . , kiq , . . . , kd) = γ1(k1, . . . , ki1 , . . . , kiq , . . . , kd; r1)
× · · · × γi1(ki1, . . . , kiq , . . . , kd; ri1)γi2(ki2, . . . , kiq , . . . , kd; ri2)
× · · · × γiq(k¯iq , . . . , kd; riq)× · · · × γd(kd; rd).
(5.5)
Note that σq(k1, . . . , ki1 , . . . , kiq , . . . , kd) defines that, q number of integers in the
tuple (k1, . . . , kd) changes from kt to mt− kt for 1 ≤ t ≤ q. The following proposition
is very crucial to prove Proposition 14.
Proposition 13. Let ψ be the non-trivial automorphism of Gal(Q(
√
D)/Q) and σq
as in (5.5). Then, for any 0 ≤ q ≤ d, we obtain
ψ(σq(k1, . . . , ki1, . . . , kiq , . . . , kd))
= (−1)md(1)(σd−q(k1, . . . , ki1−1, ki1, . . . , kiq , kiq+1, . . . , kd)).
(5.6)
Proof. We omit the proof as it follows from [13, Proposition 6] with some minor
modifications. 
We will prove that the rationality of ζdU(−m | r) in the following Proposition.
Proposition 14. For a positive integer d ≥ 1 let m = (m1, . . . , md) ∈ Nd. Let
P,Q ∈ Q and √D be an irrational number. Then ζdU(−m | r) is rational except for
singularities.
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Proof. Note that
ζdU(−m | r) =
= D−md(1)/2
m1∑
k1=0
(
m1
k1
)
(−1)k1 × · · · ×
md−1∑
kd−1=0
(
md−1
kd−1
)
(−1)kd−1
1
2
[ md∑
kd=0
(
md
kd
)
(−1)kd × Q
kd(1)r1α−r1(−md(1)+2(kd(1)))
1−Qqkd(1)α−q(−md(1)+2(kd(1)) · · ·
Qkd(d)rdα−rd(−md(d)+2kd(d))
(1−Qqkd(d)α−q(−md(d)+2kd(d))
+
md∑
kd=0
(
md
md − kd
)
(−1)md−kd Q
rd(kd−1(1)+md−kd)α−rd(−md(1)+2kd−1(1)+2(md−kd))
(1−Qq(kd−1(1)+md−kd)α−q(−md(1)+2kd−1(1)+2(md−kd))) × · · ·
× Q
(md−kd)rdα−rd(md−2kd)
(1−Qq(md−kd)α−q(md−2kd)
]
.
(5.7)
By continuing in this process for each index kt where t = d− 1, d− 2, . . . , 1 and using
the notations (5.3), we have
ζdU(−m | r) =
D−md(1)/2
2d
m1∑
k1=0
(
m1
k1
)
× · · · ×
md∑
kd=0
(
md
kd
)
[
d∏
t=1
θt(kt, . . . , kd;mt) +
d∑
j=1
(
d∏
t=1
θt(kt, . . . , kj, . . . , kd;mt)
)
+
∑
1≤i<j≤d
(
d∏
t=1
θt(kt, . . . , ki, . . . , kj, . . . , kd;mt)
)
+ · · ·+
d∏
t=1
θt(kt, . . . , kd;mt)
]
.
(5.8)
Now rest of proof is similar to the proof of Theorem 7 in [13]. Hence the result
follows. 
The following theorem deals with the special values of multiple Lucas L-function
for a quadratic character.
Theorem 15. For a positive integer d ≥ 1, let m = (m1, . . . , md) ∈ Nd. For P,Q ∈
Q,
√
D an irrational number and χ1, . . . , χd quadratic characters, LU(−m | χ) is
rational valued except for the singularities.
Proof. Note that
LU(−m | χ) =
q∑
r1=1
χ1(r1)
q∑
r2=1
χ2(r1 + r2) · · ·
q∑
rd=1
χd(r1 + · · ·+ rd) ζdU(−m | r).
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Since χ is a quadratic character and by by Proposition 14 ζdU(−m | r) is rational
except the singularities. This completes the proof. 
The following result can be proved in the same line as Theorem 7 in [13] under
some mild conditions.
Theorem 16. For a positive integer d ≥ 1, let m = (m1, . . . , md) ∈ Nd. Let
P,Q ∈ Q,√D be an irrational number and f1, . . . , fd are additive characters with∏d
k=i |fk(1)| ≤ 1 and
∏d
k=i |fk(1)| is rational valued for all 1 ≤ i ≤ d. Then
LdU(−m | f) is rational except for singularities.
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